We deduce four new integral representations for (2n + 1); n ∈ N , where (s) is the Riemann zeta function.
Introduction
The Riemann zeta function (s) is deÿned for Re s ¿ 1 as [1, p. 807, Eq. 23. 
Recall that there exists a formula which expresses (2n); n ∈ N , as a rational multiple of 2n . However, there is no analogous closed evaluation for (2n + 1), which is usually given by the integral representation (2n + 1) = (−1) n+1 (2 )
[1, p. 807, Eq. 23.2.17] involving the Bernoulli polynomials B n (x), or by various series representations. By making use of elementary arguments, we will derive (2) and several related integral representations for (2n + 1). Three of the four integrals involved cannot be found in [3] or [2] .
Statement of the results
Throughout the text B n (x) and E n (x) are the Bernoulli 
2e 
Our results are as follows.
Theorem 1.
Assume that n is a positive integer and that = 1 and . Let (s); Á(s); (s) and ÿ(s) be deÿned as in Eqs. (1) and (4), respectively. Let B n (x) and E n (x) be the Bernoulli and Euler polynomials given by Eqs. (3a) and (3b), respectively. We then have: 
Proof of the results
First, we will show that sin(2kx) cot x = 1 + cos(2jx) = sin(2k + 1)x − sin x and formula (5c) follows without di culty. On setting x = t + =2 we obtain formula (5d) from (5c).
Further, knowing that
we have (5a) and (5b) from (5c) and (5d) 
where n = 1; 2; 3; : : : and 0 ¡ x 6 1. Finally, the formulae proposed in the Theorem are obtained from the expansions in Eq. (6) in conjunction with the identities in Eq. (5) and the deÿnitions in Eqs. (1) and (4). For instance,
Observe that inverting the order of summation and integration is justiÿed by absolute convergence. This completes our proof.
Concluding remarks
We deduce the following representations for (2n + 1); n ∈ N : .
